Spatial Properties of the Image Function

Dirac delta operator:

a6~

oo r=¢
0 otherwise

This function has the following properties:

/5(x)d:c =1 fore>0

©.9)

[F(&)(x —€)d¢ = F(z)  Sifting Property
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Spatial properties of the image function

Fourier Transform

Flf(x,y)] = F(u,v) = _[Zf(:v, y)exp{—i(2m (uzx + vy) }dzdy

where u is the spatial frequency (in cycles/pixel), so that when z is
specified in pixels,; (2rux) is in radians, and 7 = y/—1.

F U v)] = f(z,y) = _/ZF<u, )expli(2m(uz + vy)) }dudy
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Fourier Transform Pairs

Table 1: Fourier Transform Pairs

Fw)=F(f(z)) = / flz)e “%dx w(rad/pizel) = 2ru(cycles/pizel)
Name f(z) F(w)
rectangular function rect(z) =1 —i<z<} sinc(w/2m) = 3":572/ 2)
triangular function | tri(z) =2(z+3%) -3<z<0 sinc?(w/2m)

1—2(x) O<z <}

Gaussian ealel 2a/(a? + w?)

e P’ ﬁe*uﬂ/‘ip
unit impulse o(x) 1
comb function >, 8(z — nxo) = 05— )
differentiation g™ (x) (iw)"G(w)
linear combination ag(z) + bh(z) aG(w) + bH (w)
scale flax) ﬁF( )
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Shift and Convolution Theorems

Shift Theorem:

Flf(z)] = /f Yexp{—i(2muz)}dz, then
Flf(z —a)] = / flz — a)exp{—i(2ruz)}dz, then
= / flaexp{—i(2nu(z' + a))}dz', and
= cap{—i(2mua)} O/O f (2" ezp{—i(2ruz’) }dz’,

so that

Flf(x —a)] = exp{—i(2mua)}F(f(z))
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Shift and Convolution Theorems

Convolution Theorem:

The convolution of two functions f(x) and g(x):

f(z) % g(z) = [ fla)g(z — a)da

where o an integration variable.

Flf(x)xglz)] = F

f’
=,
J

z)

[h(z)]
[ fl@)g(z — a)da]
[ fle)g )

a)g(z — a da] exp{—i2nux}dx

Q) [/x g(x — a)e;vp{—i(Zwu:v)}dx] do

and by the Shift theorem,

= /f Jexp{—i(2mua) }da/g Jexp{—i(2mux) }dx,

therefore,

Flf(@)xg(x)] = Fu)G(u)

therefore, spatial convolution <= frequency domain multiplication
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Sampling Theorem - Aliasing

A continuous spatial function,
f(z) is sampled by computing the
product of f(x) and g(z), an infi-
nite sequence of Dirac delta oper-
ators.

h(z) = f(x)%é(:c — nxg)
= %: f(nxy)d(z — nxy)
By the convolution theorem, we
know that the product of these
two spatial functions is equivalent

to the convolution of their Fourier
transform pairs.
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We may write the function H(u) in terms of F'(u):

H(u)

Lysw—"

Io n o

/ F(a)G(u — a)da
/ F(a) —Z5(u—a—£)da]

TIop n i
/ ZFu—ﬁ)c?(u—a—ﬁ)da
Lo Lo
— > F(u—— —a——)d
330%: (u / d(u—« 370) o)
—ZFW—3>
T n T

Therefore, the frequency spectrum of the sampled image consists of

duplicates of the spectrum of the original image distributed at 1/z

frequency intervals.
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Aliasing (cont.)

R(u) is a frequency domain
bandpass filter

Ru)= 1 if |u| <1/(2x),
0 otherwise

Aliasing: When replicated
spectra interfere, the crosstalk
introduces energy at relatively
high frequencies changing the
appearance of the reconstructed
image.

The Sampling Theorem: if the image contains no frequency
components greater than one half the sampling frequency, then the
continuous image 1S faithfully represented in the sampled 1mage.
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Early Processing - Convolution

The convolution of two functions f(x) and g(x):

flz,y) * g(z,y) = = [T [ flu,v)g(z — u,y — v)dudv

or
Jl@,) * gla,y) = he,y) = 5 3 J(u,0)gle = u,y =)

h(x.y)

N\
N DN N N N N\ H(nn)

F(3,3)

G(n,n)

ax,y)
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Early Processing - Smoothing

Low Pass Filter

gx) —®

h(x) —
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Early Processing - Edges

Intensity Gradients

_dg.  dg.

Vg = o + d—yy

dg(z,y) glr+1,y) — gz —1,y)
dx 2

Q

1 1
= Jz= |73 Oa A
f [ 2 2] 123

dg(il’,y) g(iﬂ,y—l—l)—g(iU,y—l)
dy 2

Q

N

= fy =

o= O

RYA

) ()]

_ ~1 dg/dy
¢ = tan (dg/d:c)

Vg| =
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Edge Operators

operator Vi Vo
Roberts 01 L0
—1 0 0 —1

—1 01 1 1 1

Prevnt ~10 1 0 0 0

—1 0 1 —1 —1 —1

—1 0 1 1 2 1

Sobel —2 0 2 0 0 0

—1 0 1 -1 =2 —1
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Early Processing - Edge Sharpening

Copyright (©1998 by Roderic Grupen

-
« I
om f
3 f
« >
= Kl
\_I
29 Qx
aSHRS
I
>
>

21



