
���������
	�����������������
�

���������! "��#�$�%&��'(�!)*%&'+#-,.#�/�%10� �%&/�'+��02,
�436587936:;79<�)�=?>

@�ABADCFE+GBGIHBHBHFJLK-M�NOJQP�RBS�TFJQU�S�G
∼
K*V�W.X*WBG

Y Z�[]\�^�_a`�b�cedO_

fhgjilkQm�naopirqsgutvm+oxwQm(iykQz�n|{vnaoam(tv}pwQnFm~ox�vqugj��op�(�x}F�vwL��kQgu�(oam�n;��gu�pm(wQiQopiy�pw�m+opi���m]m�tv�&m�tv�.oxwQguoI�e��}&wrm���m(n6�Iqs}.�
m(qsm+iyi��p}6��}pn~{In6m(t1k�m�m�nF�vwQm��1op��}1i�t.o6optI�xqugji�m"��m"��guwL��{vgsk�}1i
m�qu��k�wQgj��}&i(�

�iyi�gui�k�m(nFo&i
qsgutvm+oxwQm(i�k�wLox�Iopqs�.oxn���}pn�m+�&{.op���hm+i�qugutvm(opw�m+iy��}6k�gu�.}.�

a1x1 + a2x2 + . . . + anxn = b
}&tI��m

ai

�I��}pn
i = 1, 2, . . . , n

�Ii��p}]}1iy��}hm�����gum�t1k�m+i��
xi

iQ�x}Fopi
gutI���&�ptvgskQo&iem
b
�"}6k�m(w�nF}FgutI��m���m�t.��m�t1k�m&�

� n�{vn�i�gui�k�m(nao]qugutvm(opwy�I�
n
m+�&{.op���hm+i�qugutvm(opw�m+iy��}pn

n
gutI���&�ptvgskQo&i��
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x1 + x2 = 0

x1 + x2 = 1
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(0,1)

(1,0)

x2

x1

x1 + x2 = 1

x1 + x2 = 0
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x1 − x2 = 0

�*wQ}���m(�vm�tI��}a��}pn�oFnFm(i�naoFoxtI�pqsgji�m�pm(}pnF��kQw�gj��oI�h�pz�£¤i�m��1{vm�}1iyi�gjilkQm�naopi
��}&iQi�{vm�n�{InFoai�}pqu{I�(�x}6´vtvgj��o6�.}&gui
o&i�wQm�kLopiyi�m"��wQ{v (opn�tIo6}pwQgs�&m�nÆÚ��I�p{IwQo 3 Ü���5riQi�gun²�Ii�gji�k�m�nao6�"��m�kQm�wQnFgstIo&��}Fm"}F�pm�kQ}pwyi�}pqu{I���p}]�

x = [0 0] ¦ �

x2

x1

x1 + x2 = 0

x1 − x2 = 0

4 gu�p{IwQo 3 ��5rtI�xqugui�m��pm(}pnF��kQw�gj��o6��m�{vn�i�gjilkQm�naoF��}pnF�Ioxk�Óu�pm(qB��m�kQm�wQn6gutIo&��}I�

{

x1 + x2 = 0
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a11 0 0 · · · 0
a21 a22 0 · · · 0
a31 a32 a33 · · · 0��� ��� ��� � � � ���
an1 an2 an3 · · · ann
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x2

x1

x1 + x2 = 0

2x1 + 2x2 = 0
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3x1 + 4x2 − 5x3 + x4 = −10

x2 + x3 − 2x4 = −1

4x3 − 5x4 = 3

2x4 = 2
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x4 =
2
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⇒ x4 = 1
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x3
�

4x3 − 5x4 = 3

4x3 − 5 · 1 = 3

x3 = 2
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x2 + x3 − 2x4 = −1

x2 + 2− 2 · 1 = −1

x2 = −1
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3x1 + 4x2 − 5x3 + x4 = −10

3x1 + 4 · (−1)− 5 · 2 + 1 = −10

x1 = 1
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a11 a12 · · · a1n b1

a21 a22 · · · a2n b2��� ��� � � � ��� ���
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2x1 + 3x2 − x3 = 5

4x1 + 4x2 − 3x3 = 3

2x1 − 3x2 + x3 = −1
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�IopwQo]m�t.��}pt1kQwQopw
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x(1) �L�Ioxnao&��}���mFi�}pqu{I���p}?nFm�qu�v}pwLop�Iov�D��m]kQoxq��}&w�nao6�&{Im
x(1) = x(0) + δ

(0) ��}pt.��m
δ

(0) ��}a�&m�k�}&wy��mO��}&w�wQm(�(�x}I� 5riQi�gun²�

Ax(1) = b

A(x(0) + δ
(0)) = b

Ax(0) + Aδ
(0) = b

Aδ
(0) = b−Ax(0)

Aδ
(0) = r(0)

5riQi�gsn²��w�m+i�}&qs�&m�tI�v}x£¤i�m6m(i�k�m?i�gjilkQm�naov��k�m(n]£¤i�mÒ}���oxqu}pw~�v}��pm�k�}pwO�vm���}&w�wQm(�(�x}²�1{vmÒ��}h�vm?i�m(w~{�kQgsqugu (op�v}4�IoxwLo
m(tI��}&t&kQwQopw�}F�&m�k�}&w�i�}&qs{.���x}6nFm�qu�v}pwLop�Iov�

È�ÉBÊhË�ÌÎÍ¾Ï�Ð D kQgsqugs +oxtI�v}6}Fm��hm(nF�vqs}aopt&kQm�wQgs}&w(�hm(tI��}&t&kQwQopwyo6i�}pqu{I�(�x}6n6m(qs�I}pwLop�voI�
�-oxwLo]�(oxqj��{vqjoxwy}F�&m�k�}&wy��}pwQwQm(���p}I�h��m��&m�£¤i�mm�t.��}pt1kQwQopw
oFi�}pqu{I���p}6�v}Fi�gjilkQm�nao

Aδ
(0) = r(0) ��5�i�i�gsn²�
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−8, 8
ÛpÛ&� �

−45, 1
� 3 � 7

−84, 0 −23, 5
Û&Ûp� �

3 Û&� �
−81, 0 −13, 2
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δ1

δ2

δ3

δ4
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� � 3 Û �
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(0) =
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x(1) = x(0) + δ
(0) =









Ûp� ����� �
3 � ����� �
−0, 9999Ûp� ����� �
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r(1) = b−Ax(1) =
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x(2) = x(1) + δ
(1) �6� �pm�k�}&w

��}pwQw�m+���x}.�&�(oxqj��{vqjop��}F��}pw
Aδ

(1) = r(1)
�v�p�

δ
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−0, 0002
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−0, 0007
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x
��o�kQ�r�1{vmr{InFo~�vwQm(��gjiQ�x}��vwQ��£ m(i�kQox��m�qum(��gu�IoOi�m�§�o

opqu�(oxtI�(op�voI� � n�}&{�k�wLopie�Iopquo2�hwLopi(�&�vo&��}6{vn�i�gji�k�m�nao]qsgutvm+oxw
Ax = b

m{vnaoFox�vwQ}2��gsnaop�(�x}"gutvgj��gjoxq
x(0) ��}6�pm�k�}&wi�}pqu{I���p}I�Î��m��&m�£¤i�mFm�t.��}pt1kQwQopw"{vnao�i�m+���vz�tI��guo

x(1) � x(2) � . . .
�
x(k) �-��mÒ��}pwQnFo4�1{vm Ax(k) ∼= b

�ÎwQm(i���m�gskQoxt.��}�o
kQ}pqum�w��xtI��guo]��m(i�ml§�o&�vov� � i�kQo]k�}&qsm(w��ptI��gjo]�}Fth´vnFm�wQ}F��m"��Ós�&g¡kQ}&iyi�gs�&tvgs�.��oxk�gu�p}&ie��}&w�wQm�kQ}&ie�voFi�}&qs{.���x}6}p�vk�gj�vo~��m�qu}&i
nF��kQ}���}&i
gsk�m(wQoxk�gu�p}&i(�

� �a�v}pgji
n6��k�}���}1i
�vw�gutI��gs�Iopgui(�
Û&�ik4��kQ}h�v}F�vm 6 o&��}p�Ig j�m
3 �ik4��kQ}h�v}F�vm y�ox{IiQil£lfhgum(��m(q¾�

	�
 �+Ê�� � ����BÊ �&Ð �i"nF��k�}���}&i~��gswQm�kQ}&i"iQ�x}4ox�Iw�}&�vw�gjop�v}&i�IoxwLo²i�gji�k�m�nao&i"��mÒ��m(�1{vm�tI}4�.}&w�kQmÒ��}pn�nao�k�wQgu �m(i"�vm
��}1m��.��gum�t1kQm(i"��m(tIi�}1i�� 6 ��}&i"nF��k�}���}&i�gsk�m(wQoxk�gu�p}1i"i�mF�vwQm(i�kQopn �IoxwLo²o²w�m+i�}&qs{.���x}���m?i�gui�k�m(naopi"��ma�&wQoptI��m6�.}&w�kQm
��}pn�nao�kQw�gu �m+i
��mO��}hm�����gum�t1k�m+i
m(i��IoxwLi�o&i��

����� rtsu�I�i���v��()(c� "$�����
E op��}F}ai�gji�k�m�naoI�

a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2���
an1x1 + an2x2 + . . . + annxn = bn
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o&ieop�vwQ}2�hgunaop���1m+iÄ�.oxwLo]}F�&m�k�}&w
x
iQ�x}a�vo&�vopie��m�qjopiyi�m��p{Igst1k�m+i
m(�1{Io&���hm(i(�

x1 =
b1

a11
−

1

a11
(a12x2 + a13x3 + · · ·+ a1nxn)

x2 =
b2

a22
−

1

a22
(a21x1 + a23x3 + · · ·+ a2nxn)

���

xn =
bn

ann

−
1

ann

(an1x1 + an2x2 + · · ·+ an(n−1)xn−1)

}&{B�v��m"naoxtvm(gswLo]nFopguiy��}pnF�Io&�°kQoI�vo�kQwQo2�&�(ie��mp�

x
(k+1)
i =

1

aii

·



bi −

n
∑

j=1,j 6=i

aijx
(k)
j





�IopwQo
i = 1, 2, . . . , n

�
9�m+ilkLopim(�1{Io&���hm(i���}&tIi�gj��m(wQox£ i�m~�1{vm

aii 6= 0
� Ù o&i�}�gui�k�}�oxqu�p{vn;m(qsm(n6m(t1k�}��Io���gjox�&}ptIopq��Iw�gutI��gu�Iopq���}&wth{vqu}I�

��m(�pm�£ i�m
�.m(w�n]{�kQopw*qsgutv�Io&i*�IopwQowQm�}&w��1oxtvgu (opw�}~i�gjilkQm�naov�-fhm�tI�p}"�v}p{I�pm�w-��}&iQi�gs�vguqugu�vo&��m���m���m�wQn~{vkQop�(�x}O��mrqsgutv�Io&i
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È�ÉBÊhË�ÌÎÍ¾Ï�Ð�� m(i�}pqu�pm(wD}�i�gji�k�m�nao
qugstIm(oxwBori�m(�p{vguwB��}&tIi�gj��m(wQoptI��}
{vnaoek�}&qsm(w��ptI��gjoegs�&{Ioxqpo � � � Ûp�(}yt1´In6m(w�}yna�x�hgunF}
��m�gsk�m(wQo&���hm(iegu�p{IopqBo²Û � mOo]m+ilkQgsnaoxk�gu�2o6gutvgj��gjoxq���}F�&m�k�}&wyi�}&qs{I�(�x}6gs�&{IoxqBo

x(0) = [0 0] ¦ �
{

2x1 − x2 = 1

x1 + 2x2 = 3
� i�}pqjoxtI��}

x1
tIo6�vw�gunFm�guwQo6m+�&{.op���p}]m

x2
tIoai�m��p{ItI�vov�hkQm�n6£¤i�m"o6m(�1{Io&���x}F�1{vm"wQm��pm"o&i
m(i�k�gunFoxk�gu��opiy��}F�pm�k�}&w

i�}pqu{I���p}I��5riQi�gun²�














x
(k+1)
1 =

1

2
+

x
(k)
2

2

x
(k+1)
2 =

3

2
−

x
(k)
1

2�-oxwLo
k = 0

�hk�m(n6£ i�mp�














x
(1)
1 =

1

2
+

x
(0)
2

2
= 0, 5

x
(1)
2 =

3

2
−

x
(0)
1

2
= 1, 5

5riQi�gsn²�Io6m(i�k�gunao�kQgs��oFi�m(�p{vgut1k�m��IopwQo6oai�}&qs{.���x}F��}ai�gui�k�m(nFo6�&�

x(1) =

[

0, 5
1, 5

]

�-oxwLoa�pm(wri�m]oFkQ}pqum�w��xtI��guoa��m+i�m�§�op�voa��}pg�oxk�gutv�pgj�voI�.{�kQgsqugu (o�£¤i�mO{vn|�pm�k�}pwrm�wQw�}
e
�1{vm~�~�Iop��}Ò��m�qu}?nF����{vqu}?�vo

��gs��m�wQm�t.��o6m�t1k�wQm"o6m(i�k�gunFoxk�gu��o6�Io6i�}pqu{I�(�x}Fo�k�{.oxqDmOo6m(i�k�gunao�k�gu��oFoxt1k�m(w�gu}pw+� E m(i�k�m"nF}���}.��k�m(n]£¤i�mp�

e =
∣

∣

∣
x(1) − x(0)

∣

∣

∣
=

∣

∣

∣

∣

[

0, 5
1, 5

]

−

[

0
0

]∣

∣

∣

∣

=

[

0, 5
1, 5

]

h�m�tI��}~m(i�k�mr�&m�kQ}pw*m(w�wQ}I�pk�}pnaox£ i�m�}~i�m�{anaoxgu}pw�m�qum�nFm�t1kQ}I� E m+i�iQo���}pwQnaov�hi�mrnFox�
(e) ≤ 0, 01

}p{
k > 10

m�t1kQ�p}
}O�Iw�}���m+i�i�}"��m��&m��IopwQopw(� Ù }pnF}Onao��

(e) = 1, 5
m

k = 0
m�t1kQ�p}OopiÄ��}ptI�vgu���1m+i*��gskQo&�vopiÄtI�x}]i��p}Oo�k�m(tI��gj�vopi(��5riQi�gun²�

�Io&i�iQo�£¤i�mr�IopwQo6oFg¡kQm�wLop�(�x}]i�m��&{vgut&kQmp�
�-oxwLo

k = 1
kQm�n6£¤i�m&�















x
(2)
1 =

1

2
+

x
(1)
2

2
= 1, 25

x
(2)
2 =

3

2
−

x
(1)
1

2
= 1, 25
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x(1) =

[

1, 25
1, 25

]

� }Fm�wQw�}6�p�
e =

∣

∣

∣
x(2) − x(1)

∣

∣

∣
=

∣

∣

∣

∣

[

1, 25
1, 25

]

−

[

0, 5
1, 5

]
∣

∣

∣

∣

=

[

0, 75
0, 25

]
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2x1 + 3x2 + x3 − x4 = 6, 90

−x1 + x2 − 4x3 + x4 = −6, 60

x1 + x2 + x3 + x4 = 10, 20

4x1 − 5x2 + x3 − 2x4 = −12, 30



















4x1 + 3x2 + 2x3 + x4 = 10

x1 + 2x2 + 3x3 + 4x4 = 5

x1 − x2 − x3 − x4 = −1

x1 + x2 + x3 + x4 = 3



















x1 + 2x2 + 3x3 + 4x4 = 10

2x1 + x2 + 2x3 + 3x4 = 7

3x1 + 2x2 + x3 + 2x4 = 6

4x1 + 3x2 + 2x3 + x4 = 5



















x1 + x2 + 2x3 + 4x4 = 7, 12

x1 + x2 + 5x3 + 6x4 = 12, 02

2x1 + 5x2 + x3 + 2x4 = 14, 90

4x1 + 6x2 + 2x3 + x4 = 20, 72
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x1 − 0, 25x2 − 0, 25x3 = 0

−0, 25x1 + x2 − 0, 25x4 = 0

−0, 25x1 + x3 − 0, 25x4 = 0, 25

−0, 25x2 + x4 = 0, 25



















4x1 + x2 + x3 + 4x4 = 7

2x1 − 8x2 + x3 − x4 = −6

x1 + 2x2 − 5x3 + x4 = −1

x1 + x2 + x3 − 4x4 = −1
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x(0) = [0 0 0 0 0] ¦ �































10x1 + 4x2 − x3 + 3x4 = 2

−8x2 − 2x3 + x4 − 3x5 = 5

2x1 − 4x2 + 7x3 = 13

−x1 + 2x2 − 3x3 − 10x4 + 2x5 = 4

2x1 − x2 − x3 + x4 − 7x5 = 7
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x(0) = [1 1 1 1 1 1] ¦ m"o6k�}&qsm(w��ptI��gjo]�gu�p{.oxqBo 10−4 �







































10x1 + x2 + x3 + 2x4 + 3x5 − 2x6 = 6, 57

4x1 − 20x2 + 3x3 + 2x4 − x5 + 7x6 = −68, 448

5x1 − 3x2 + 15x3 − x4 − 4x5 + x6 = −112, 05

−x1 + x2 + 2x3 + 8x4 − x5 + 2x6 = −3, 968

x1 + 2x2 + x3 + 3x4 − 9x5 − x6 = −2, 18

−4x1 + 3x2 + x3 + 2x4 − x5 + 12x6 = 10, 882

� =ia�=
^��y[�±e®�¬O
� Û����	��Âu¶ G�Âs¸�
G�¹���Þ°Å ¶L¸�l¶L¸�¹ »Lº�ÂÃÅ ¶L»����+Á°ß���j � m �ptvgj�vo&i Ù ���
opw�wQ}&i�}I�=k³ox�&opqsg;k�� 5~���
opw�wQ}&i�}I� 4 w�m+��m�wQgj��} 4 � Ù �
4 guqs�v}.��k��pwQ��gs} � ���� Ù opw���oxqu�v}.�Ik�gswQguopn � � k�oxgjo j � �vg¡kQ}pwLo � oxwQ�vwLo jvfhm��&{vtI�vo6m+��gu�(�x} jDÛ � � � �

� 3 ������¼ ¸+Ýp¸�ß��*¸�¹rº�G�¼¤»p¶�Å ¸�Ç�»�Åjß�Á�¹��eÇ	F&Á�Ç��I»�Þ°Å »�� 
~¸x¼ »�ß�ÝpÁ"! G�Âu» j���op{vqu}àfh�(w��&gs}³�Io k4}pk�kQo��*gswQm(i j D 4 � 9O�
Ù h�� E"Ù 5O�$# MIM�� ��6X6�%�%�% 	 F �9?
	 � � @ / 	 3 @ 6 ∼ �9\ G MXM ? � 3 ��� � �


