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� �1���������B�B�^�`�
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Integral definida

a b

f(a)

f(b)
f(x)

�
=

∫ b

a
f(x)dx

¾�³¿��¦§�N�,¹�À\Á��Â¶¸�§³Ã �¡�¢Ä�N�ÂÅ��°³Ãª��Æ§�`¦§¨
��³¿�I�N�Â���N�mÇÈÆ§�Â¶§�§³¿Æ¸�9¼

ÉÊ�°¢�±§ÇÃ�;¨
��¯�Ë§� £ �N³Ãª;¢�¯ÂÀ
¹�¼CÌÍ¬Î¢��¤¨©�Ä���§��Ç¿Ïi�N³¿ª;�nÆ§�

f(x) Ð Æ§�;¯¤ª;¢���Ñ§�;ªÂ³¿Æ¸��Ò
Ó ¼CÌÍ¬Î¦§�� �¡�¢

f(x)
�§¡�¢ÄË1¢�¯¤¯°¦§³�¦�¨©��Ë§�¤³¿¨�³Ã�N³i«m�

F (x)
ªÂ¢��§Ñ§�Âª;³¿Æ§��µ

F (x) =
∫

f(x)dx
»tÒ

Ô ¼�ÕÖË§�°¢>ª;�Â¯°¯°¢
Æ§�`³¿�I�N�Â���N�m �¡�¢�Æ§�
f(x) Ð ª;¢�¨�Ë§Ç¿�t´9¢§¼

¹



Ì×¦��°³¿ÇÃ³¿®��m �¡�¢ØÆ§�Ù¨ Ð �N¢>Æ§¢�¯��U¦§¨ Ð �°³Ãª;¢�¯�Ë¸���°�Úª��mÇ¿ª;¦�ÇÛ�����Ú³Ã�I�N�;���N��ÇCÆ§�½¶¸�§³¿Æ§�ÚÆ§�$¦§¨©�Ø¬Î¦§�§ ;¡�¢¥U¦¸��ÇÃ¥>¦��;�CË1¢�¯°¯°¦�³�Æ§¦¸��¯Ü��±0¢��°Æ§�����;��¯ÜÆ�³¿¯¤�°³¿�I�W�m¯;À
¹�¼Ü¾�Å��°¨¦§Ç¿��¯aÆ��nÝÜ�ÂÞ��°¢��9ßXàaám�N�;¯ −→ �;¨�Ë§�¤�;�I��¨â«m��Ç¿¢��¤�;¯�Æ§�

f(x) ã ¢��§Æ§�`¢�¯^«m��ÇÃ¢��°�Â¯^Æ§� x
¯N¡�¢

³Ã��¦¸��ÇÃ¨
�Â�U�°�ä�;¯¤Ë¸�� ;��Æ§¢�¯C�;�I�°�°��¯°³åÒ
Ó ¼Ü¾�Å��°¨¦§Ç¿��¯�Æ§�Bæ4¦§��Æ§�N�d�N¦§�°�Bç���¦�¯°¯°³¿���¸� −→ ¦��°³¿Ç¿³Ã®���¨²«m��ÇÃ¢��°�Â¯äÆ§�

f(x) ã ¨
��¯äªÂ¢�¨è«m��ÇÃ¢��°�Â¯
Æ§�

x
Æ§³Ã¬Î�Â�°�;�I�°�;¨��;�I�N�`�;¯¤Ë¸�� ;��Æ§¢�¯Â¼

é ê3ë`��ì �ºíÂînï²�ºðòñ&ð^ó!�"�n�©ôÈõ÷ö��"ðCï
�QÆ Ð ³¿�± £ ¯¤³¿ª��9ÀÊ¯°¦§±§¯X�N³i�N¦§³Ã �¡�¢�Æ¸�¬Î¦§�� �¡�¢ f(x)

Ë0¢��^¦§¨!Ë1¢�ÇÃ³¿�§á�¨
³Ã¢n³Ã�U�°�;�¤Ë1¢�Ç¿��Æ§¢��v�;¨ø¦§¨ø³Ã�U�°�;�Pß
«m��Ç¿¢

[a, b]
ª;¢�¨

(n + 1)
«m��ÇÃ¢��°�Â¯�Æ��

x
³Ã��¦¸��ÇÃ¨
�Â�I�N�Æ§³Ã¯¤�N���§ª;³¿��Æ§¢�¯`�Â�U�°�°��¯°³\Ë0¢��

h = (b − a)/2
¼

Á��Â¯°¯N�Ä¬Î¢��°¨
� ã ¯°�;��Æ§¢§À


























x0 = a
x1 = x0 + h
x2 = x0 + 2h¼¼¼
xn = x0 + nh = b�N�Â¨Äß|¯°�4¥U¦§�mÀ

f(x) ∼= β0p0(x) + β1p1(x) + . . . + βnpn(x)
¥U¦§��³¿�I�N�Â���N����Æ§¢¶¸ª��9À

∫ xn=b

x0=a

f(x)dx ∼= β0

∫ xn

x0

p0(x)dx + β1

∫ xn

x0

p1(x)dx + . . . + βn

∫ xn

x0

pn(x)dx

Õä¯ÜË��°³¿��ª;³¿Ë§��³¿¯^¨ Ð �°¢9Æ�¢�¯�¯N¡�¢�À
¹�¼ÜùC�;���°��Æ§¢�¯��N�°��Ë Ð ®;³Ã¢�¯;Ò§�
Ó ¼ÜùC�;���°��¯�Æ§�nú9³Ã¨
Ë§¯¤¢��È¼

û ü²ð�ý���î �º��ï²þÿ��î��������½��ï
ú�¡�¢�¦��N³ÃÇ¿³Ã®���Æ§¢�¯aÆ§¢�³Ã¯�Ë1¢��U�°¢�¯CË¸���°����«m��ÇÃ³Û�� ;¡�¢§¼�Ì�¯°¯¤³¿¨ÙÀ

f(x) ∼= β0p0(x) + β1p1(x)

ª;¢�¨
p0(x) = x − x1 ã p1(x) = x − x0 ã β0 = f(x0)

p0(x0)

�
β1 = f(x1)

p1(x1)

¼
ú���±0�;�§Æ�¢
¥U¦§�

x1 = x0 + h ã �;�I�W¡�¢�À

f(x) ∼= f(x0)

−h
(x − x1) +

f(x1)

h
(x − x0)

Ó



�Q�I�N�;���N���§Æ�¢©��¨�±1¢�¯�¢�¯ÜÇ¿��Æ§¢�¯ ã �N�Â¨Äß|¯°�mÀ
∫ x1

x0

f(x)dx ∼= f(x0)

−h

∫ x1

x0

(x − x1)dx +
f(x1)

h

∫ x1

x0

(x − x0)dx

ª;¢�¨²¢Ä¯°�;��¦§³¿�I�N�`�¤�;¯°¦�ÇÃ�W�mÆ§¢§À
∫ x1

x0

f(x)dx ∼= h

2
[f(x0) + f(x1)]

¥U¦§� Ð ���¤�;���°��Æ§¢�¯C�°�N��Ë Ð ®Â³¿¢�¯Â¼ÊÌÖ¯°¦¸�Ä³¿�I�N�Â�°Ë§�¤�Â�N�� �¡�¢����Â¢�¨ Ð �N�¤³¿ª�� Ð ¥U¦§���;Ç¿���mË§�°¢�´9³¿¨
����³Ã�I�N�;���N��ÇÆ¸�¬Î¦§�§ ;¡�¢
f(x)

Ë0�;Ç¿� £ �°�;�ÄÆ�¢��°�N��Ë Ð ®Â³¿¢�Æ§����Çi�N¦§�°� h
�`±¸��¯°�Â¯

f(x0)
�

f(x1)
µ·¶¸��¦§�°� Ó »½¼
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erro

xx0 x1

f(x)

f(x0)

f(x1)

h

¾�³Ã��¦§�N� Ó ÀÊ�Q�U�°�;���°��Ç�ª��mÇ¿ª;¦�ÇÛ��Æ¸�Ë0�;Ç¿���°�;���N��Æ§¢�¯��N�°��Ë Ð ®;³Ã¢�¯;¼

É����°�©Æ§³Ã¨
³Ã�>¦�³¿��¢,�Â�°�°¢
Æ§�;¯X�W�,�¤�;���°� ã Æ��Â«��tßQ¯¤�Ä��¦§¨��;�I�W�����
¥U¦¸�m�U�°³¿Æ¸�mÆ§��Æ§��Ë1¢��I�°¢�¯�Æ§�Â�I�N�°¢©Æ§¢³¿�I�°�;�¤«m��ÇÃ¢
Æ���³¿�I�°�;���°�� �¡�¢�¼ÜÌ�¯°¯¤³¿¨ ã Ë§���N�©¢�¯ (n + 1)
Ë0¢��I�N¢�¯�Æ§¢
³¿�I�N�Â�¤«m��Ç¿¢

[a, b] ã Æ§�Â«��½ß|¯°�Ä��Ë§ÇÃ³¿ª;����°�ÂË1�½�N³ÃÆ¸��¨��;�I�N�Ü�n�¤�;���°��Æ�¢�¯v�°�N��Ë Ð ®Â³¿¢�¯\Ë¸�m�N�nª;��Æ¸�`Ë¸���vÆ§�ÜË1¢��I�°¢�¯GªÂ¢��§¯¤�;ª;¦9�N³Ã«�¢�¯4µ·«��Â�G¶¸��¦��N� Ô »�Æ§�¬Î¢��¤¨©�¥U¦§�n��³¿�I�N�Â���N��ÇD�>¦�¨ Ð �°³¿ª;�¶¸¥U¦§�`ª;¢�¨�¢§À
∫ xn

x0

f(x)dx ∼= h

2
[f(x0) + f(x1)] +

h

2
[f(x1) + f(x2)] + . . . +

h

2
[f(xn−1) + f(xn)]

¢�¦ ã �¤�����¤�°¦§¨
���§Æ�¢Ä�Ä¬ÎÅ��¤¨¦§Ç¿��À
∫ xn

x0

f(x)dx ∼= h

2
[f(x0) + 2f(x1) + 2f(x2) + 2f(x3) + . . . + 2f(xn−1) + f(xn)]

Ô




 
 


 
 


 
 


 
 


 
 


 
 


� � �
� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �
� � �

 
 
 
 
 
 

� �
� �
� �
� �
� �
� �

� �
� �
� �
� �
� �
� �

� � �
� � �
� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �
� � �
� � �

xx0 xn

f(x)

x1 x2 x3 xn−1

¾�³¿��¦��N� Ô À��C�N³¿ÇÃ³¿®;�� �¡�¢�Æ¸���°�;���N��Æ§¢Ä�N�N�mË Ð ®;³¿¢��¤�;Ë0�Â�°³¿Æ¸��¯�«��;®;�Â¯;¼

����������� �"! ª��mÇ¿ª;¦�ÇÛ���
I =

∫ 3,6

3,0

1

x
dx

�°�;��Ç¿³Ã®�����Æ§¢4¦§¨
�ä¯°¦§±0Æ§³Ã«>³Ã¯N¡�¢`Æ§�$#4³¿�I�°�;�¤«m��ÇÃ¢�¯;¼"%\�;�¤³Ã¶¸¥U¦§��¢`�;�¤�°¢n��±§¯¤¢�Ç¿¦��°¢4�^�N�°��±¸��ÇÃÑ§��ª;¢�¨&#4ª���¯°��¯
Æ§�Âª;³¿¨
��³Ã¯;¼

É����°�Ä«��;�¤³Ã¶¸ª;���C¢��Â�°�¤¢©��±�¯°¢�ÇÃ¦��N¢ ã Æ§�Â«��½ß|¯°��ª;��Ç¿ªÂ¦§ÇÛ�m����³¿�I�N�Â���N��ÇÈ���¸��ÇÃÏÃ�N³Ãª���¼8Ì�¯¤¯°³Ã¨$À

I =

∫ 3,6

3,0

1

x
dx = ln(x)

∣

∣

∣

∣

∣

3,6

3,0

= ln(3, 6) − ln(3, 0) = 0, 182322

É����°��ª;��Ç¿ªÂ¦§ÇÛ�m����³¿�I�N�Â���N��ÇD�>¦�¨ Ð �°³¿ª;� ã Æ§�½«��tßQ¯°�nª���ÇÃª;¦§Ç¿���^¢Ä�;¯¤Ë¸�� ;��¨
�Â�I�N¢ h
¼vÁ��Â¯°¯°��¬Î¢��¤¨©��À

h =
b − a

n
=

3, 6 − 3, 0

6
= 0, 1

àa¢�¨ �;¯X�N�,�Â¯°Ë¸�� ;��¨��;�I�N¢ ã ªÂ�°³¿�dßQ¯¤�
¦§¨
�Ù�N��±0�;ÇÛ�Bª;¢�¨('B«��mÇ¿¢��¤�;¯�Æ§�
x
�
Æ§�

f(x) ã Ç¿�;¨�±§�N����Æ§¢¥U¦§�
f(x) = 1

x

¼vÌ�¯°¯¤³¿¨ÙÀ

x f(x)
3, 0 0, 333333
3, 1 0, 322581
3, 2 0, 312500
3, 3 0, 303030
3, 4 0, 294118
3, 5 0, 285714
3, 6 0, 277778

)



É�¢��X�W���I�°¢ ã ��³¿�I�N�Â���N��ÇD�>¦�¨ Ð �°³¿ª;��Ë1�ÂÇÛ���°�Â���N��Æ§¢�¯��°�N��Ë Ð ®Â³¿¢�¯ Ð À

I ∼= 0, 1

2
[f(3, 0) + 2f(3, 1) + 2f(3, 2) + 2f(3, 3) + 2f(3, 4) + 2f(3, 5) + f(3, 6)]

I ∼= 0, 182350

Õ �;�¤�°¢���±§¯¤¢�Ç¿¦9�N¢ Ð À

ea = |0, 182322 − 0, 182350| = 0, 000028

* +-,©ð^�/.102.3�½�nï
¹�¼�à^��ÇÃª;¦§Ç¿���^¢�«m��Ç¿¢��^Æ¸��¯C³¿�I�°�;���°��³¿¯C��¯°�Â��¦§³Ã��¦��N³ÃÇ¿³¿®;���§Æ§¢���¤�;���°�ÄÆ�¢�¯��N�N�mË Ð ®;³¿¢�¯;¼µ.�I» ∫ 1

0
cos(x)
x+1

dx ã n = 5
Ò

µÎ± » ∫ 4,5

4
1
x2 dx ã n = 5

Ò
µ.ª�» ∫ 6

3
(3x + 2)dx ã n = 5

Ò
µÎÆ » ∫ π/2

0
sin2(x+1) cos(x2)dx ã n = 4

Ò

µÎ�h» ∫ 2

1
e2xdx ã n = 4

Ò
µÎ¬N» ∫

−1

−2
x2

(x−1)2
dx ã n = 6

Ò
µÎ�U» ∫ 3,3

3
(x3 + x2 + x + 1)dx ã n = 6

Ò
µÎÑ » ∫ 4

1
ln(x3 +

√
ex + 1)dx ã n = 10

¼
Ó ¼CÌ�ªWÑ§��¢�«m��Ç¿¢��aÆ¸��¯C³¿�I�N�Â���N�m³¿¯�Æ¸��¯�¬Î¦§�� 24>�;¯CÆ§�Â¶§�§³¿Æ¸�m¯ÜË0�;Ç¿��¯�¯°�Â��¦§³Ã�U�°�;¯��W�m±1�ÂÇÛ��¯Â¼

x f(x)
0, 0 5, 021
0, 5 6, 146
1, 0 6, 630
1, 5 6, 940
2, 0 7, 178
2, 5 7, 364
3, 0 7, 519

x f(x)
1, 0 0, 099
1, 1 0, 131
1, 2 0, 163
1, 3 0, 194
1, 4 0, 224
1, 5 0, 253
1, 6 0, 281
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