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Abstract

This paper proposes a point-to-point path generation
method consistent with the non-holonomic constraints
of a two-wheeled mobile robot. The generated path is
described by continuous curves, instead of the tradi-
tional chaining of different curves. Parametric polyno-
mials of third degree are used to calculate the robot
configuration variables, z(\) and y(\). The orien-
tation angle, 6()), is imposed to respect the non-
holonomic constraint. The free polynomial coefficients
are used to refine the path, avoiding maximal or min-
imal values of z(\) and y(\) which tends to generate
shorter paths, avoiding unnecessary motions.

1 Introduction

Path generation is one of the main problems in mobile
robot navigation. Frequently, this generation starts
by planning what we call a geometric path (a path
avoiding collisions with obstacles). The main tech-
niques to find these geometric paths were compiled by
Latombe [10]. They are based on well-founded algo-
rithms and widely used in robotics systems [2, 3, 8, 12].

When a robot has kinematics constraints, the paths
computed by these classic geometric planners are not
directly executable by the robot. To solve this prob-
lem, it is necessary to adapt the geometric path, find-
ing an admissible path. After that, the desired veloci-
ties are incorporated into the admissible path to gener-
ate the robot trajectory. Finally, the trajectory can be
executed by the control level. An overview of a com-
plete navigation robot system based on this approach
is shown in fig. 2. This work proposes a technique to
be used in the path adaptation module of such a sys-
tem (level 2 in fig. 2): we do not deal neither with
the obstacle avoidance problem (level 1) nor with the
execution control of the robot trajectory (level 4).

One well-known method to compute admissible
paths was proposed by Laumond et al [11]:

e we divide the geometric path in n segments, cre-

ating n + 1 vertices;

e we compute point-to-point paths between all pairs
of adjacent vertices, without considering colli-
sions; the point-to-point paths must be directly
executable by the robot;

e we check if these point-to-point paths introduce
collisions with obstacles; in affirmative case, we
increase the number n of segments and repeat
the process; if not, this set of chained point-to-
point paths is the definitive admissible path to
the robot.

This approach requires calculating point-to-point
paths between two distinct configurations of the robot.
Many solutions were proposed [4, 5, 6, 7, 15, 17, 18]:
most of them are direct or indirectly influenced by the
seminal technique proposed by Reeds and Shepp [16].
They proved that the shortest path between two dis-
tinct configurations for a car which can move forward
and backward is composed by arcs of circle of min-
imum radius and line segments. For a two wheeled
mobile robot as in fig. 1, however, the minimum turn-
ing radius is zero, degenerating the arc of circle motion
into a rotation about the robot’s geometric center. In
this case, the point-to-point paths calculated using the
Reeds and Shepp’s technique are composed of:

e a rotation about its geometric center to point to
the next desired position;

e a straight line motion to this position;

e a rotation to reach the final orientation;

Figure 1: Wheeled mobile robot with null turning ra-
dius and configuration variables x, y and 6
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Figure 2: A robot navigation system based on adaptation of geometric paths

In some dynamics situations where the goal can
quickly change its position, like soccer robots environ-
ments, the Reeds and Shepp’s paths are not appro-
priate because the robot should stop its current line
trajectory to adjust itself to a new orientation or can
stand rotating for a long time trying to point to the
moving goal. To avoid these inconveniences, this work
proposes a alternative method to link two distinct con-
figurations in the robot workspace.

The proposed technique is based on using paramet-
ric polynomials of third degree to calculate the con-
figuration variables z(\) and y()\). The orientation
angle 6()\) is imposed to coincide with the path tan-
gent because of the non-holonomic constraints. The
A parameter has values between (0, 1), where these
extremal values indicate the initial and final configu-
rations, respectively. We choose polynomials of third
degree because they have the minimum degree where
there are free parameters to refine the paths, as shown
in the section 5. An interesting characteristic of the
proposed method in real time application is the path
determination by a closed formula of fast calculus, per-
miting the path determination at each sampling step,
while Reeds and Shepp’s method, for example, has 48
possible paths which must be analyzed in order to find
the shortest path.

In section 2, the proposed point-to-point path gen-
erator is presented; in section 3, the mathematical sin-
gularities are analyzed; in section 4, it is shown how
to refine the path in accord to the criterion presented
in the section 5; some examples and conclusions are
shown in sections 6 and 7, respectively.

2 Paths Generation

Point-to-point paths generation has to consider the
non-holonomic constraints. In the case of robots with
differential drive!, the orientation angle must point
to its linear velocity vector. We propose generat-
ing the configuration variables z and y by parametric
polynomials of third degree with unknown coefficients
(egs. 1). Many others works has also used polynomials

ITwo parallel and independently driven wheels.

to generate feasible paths [1, 9, 13].
x(A) =ap+ a1 X+ as)? + az\®
y(A) = bo + b A + baA? + bz A3

The orientation angle 6 is imposed to satisfy the
non-holonomic constraints (eq. 2):

1)

() = tan™"! (3%3;) =tan~'[d\)]  (2)

where d(\) is introduced to simplify the notation.

b1 + 2b2 X + 3b3 A2
d(X\) = tan[d(\)] = ai - 2@2 by 3@33 v (3)

In egs. 1 and 3, A varies in the interval (0, 1). When
A = 0, the robot is on its initial configuration (x;, y;,
d; = tan(6;)) and similarly when A = 1, the robot is on
its final configuration (x¢, yr, dy = tan(6f)). Apply-
ing these contour conditions to egs. 1 and 3, a linear
system with 6 equations and 8 variables is obtained.
This system is shown in eq. 4.

4

ag = ;
bo = y;
by = d;
) 1 ai (4)

ag + a1 +az +as =xy
b0+b1+b2+b3:yf
b1 + 2bs + 3bs :df(a1 +2a2+3a3)

We can arbitrate two of the eight coefficients to solve
this linear system. Choosing a; and a» as the free vari-
ables, we can deduce the others coefficients without di-
vision operations, avoiding division-by-zero singulari-
ties. The solution is given by eq. 5, where Ax = xs—uz;
and Ay = yy — y;.

7

( apgp = T;
a3 = Az — a1 —as
bo = yi

5
< b1 = dial ( )
by = 3(Ay — dyAzx) + 2(dy — d;)as + dypas
\ b3 = 3de£L' - 2Ay - (2df - di)al - df(lz




Any values can be attributed to the coefficients a4
and a9, resulting in a path that respects the non-
holonomic constraints and the contour conditions.
However, the generated paths sometimes will not be
adequate, as shown in section 4. This leads us to use
some criterion to find good values to the free coefi-
cients.

3 Mathematical Singularities

The result in eq. 5 is applicable to most situations,
excepting when 6; and/or 8¢ are equals to £7/2, be-
cause d; and dy tend to £oo. Thus, there are three
situations where the eq. 3 has to be analyzed in order
to redefine the system 4.

The first case occurs when both 8; and 6 are equals
to +m/2. The new resulting system is given by egs. 6,
with b; and by as free variables.

(a9 = x;
a1:0
as = 3Azx
6
<c13=—2A:U ()
bo = y;
\b3:Ay—b1—b2

The second case occurs if only §; = +7/2. The free
coefficients as and b3 are chosen, resulting in egs. 7.

(a0 = x;

a1:0

ay = Az —a

) 2 3 ™)
bo = y;

bi = 2(Ay — d;Az) — djas + b
\ b2 = (2deJ} — Ay) + dfag — 2b3

Finally, the third case occurs when only §; is equal
to £m/2. We can choose a; and by as free variables
and the result is shown in egs. 8.

’a():.ill'z'

as = 3Az — 2a,
az = a; — 2Ax
bo = yi
by =diay
( b3 = Ay —d;a1 — by

Similarly to the general case, any values to the free
coeflicients will result in paths respecting the non-
holonomic constraints. However, these paths are not
necessarily appropriate to the mobile robot.

4 Non-Adequate Paths

Although the paths generated by eqs. 5, 6, 7 and 8
satisfy the non-holonomic constraints and the contour
conditions, sometimes these paths are not appropriate.
An example is shown in the fig. 3, where the a; and as
values (a; = —1.6863 and a; = 2.4863) were specially
chosen to generate a non-adequate path.
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Figure 3: Example of non adequate path

This path is not “intelligent” because it contains a
unnecessary backward movement with relation to the
final configuration, that could be attained by a com-
pletely forward movement. Thus, it is important to
use a criterion to calculate the free coefficients in or-
der to improve the path generation.

5 Improvement Criterion

Several improvement criteria can be used to calculate
the free coefficients, like minimal length, minimal or
maximal rotation radius, etc. The criterion we decide
to adopt in this article is to force the z(\) and y(\)
polynomials (egs. 1) to be monotonically increasing or
decreasing between 0 < A < 1. As we do not allow the
polynomials having maximum or minimum points in
the interval, we eliminate unnecessary backward move-
ments. Another interesting benefit is that the paths
are bounded by a rectangle defined by the initial and
final positions, if this criterion could be satisfied in
both x and y directions. Thus, considering the follow-
ing derivatives with relation to A (egs. 9):

dz/d)\ = aj + 2as) + 3as\?

9
dy/d)\ = by + 2b2\ + 3bz\? ©)



their roots must satisfy at least one of the following
conditions:

both roots are complex; or

both roots are smaller or equals to 0; or

both roots are greater or equals to 1; or

one root is smaller or equal to 0 and the other is
greater or equal to 1.

The first condition implies the discriminant (A)
must be negative; the other three conditions can be
mathematically calculated using the Routh-Hurwitz
algorithm [14]. Applying them separately to egs. 9
we can find two distinct systems of inequations which
bound regions in the free coefficients’ space which im-
prove the path in the z and y directions. These free
coefficients are different for the general and singular
cases and a separated analyze will be realized.

5.1 Regions for the General Case

The region a; x as satisfying the improvement criterion
for z()\) is bounded by the system of inegs. 10. For
Az > 0, this region can be visualized in fig. 4.

aq Z 0
az > —ag (10)
as < 3Ax — 2a;

3Az

3Az

—3Az |- — — — —

3Az — 2aq
Figure 4: Region satisfying the z constraints

A similar calculus can be realized for the y direc-
tion, obtaining the region bounded by the system of
inegs. 11. Considering Az, Ay, d; and dy positives
this region can be shown in fig. 5.

dial Z 0
dras > (d; — 2df)a1 + 3(de.’1? — Ay) (11)
df(lg S 3de.’L' - 2dfa1

To improve the path in both directions, it is nec-
essary to find a region derived from the intersection

a2
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Figure 5: Region satisfying the y-constraints

between the regions for the z and y directions. In the
examples shown in figs. 4 and 5 this intersection ex-
ists, but this is not always the case. Analyzing the
systems 10 and 11 we can conclude that an intersec-
tion only exists when the initial and final orientations
are pointing to inside of a rectangle defined by the
initial and final positions. If this does not occur, the
path can only be improved in one of the two directions.
Figure 6 illustrates these two situations.

Figure 6: Situations where (a) it is and (b) it is not
possible improving the path in both directions

5.2 Regions for the Singular Cases

The same improvement criterion imposed to the gen-
eral case is applied to the cases where there are singu-
larities, shown in section 3.

Considering the case where §; and 6y are equals to
+7/2 the region that improves the path in the y di-
rection is defined by ineqgs. 12. The criterion is always
satisfied in the z direction.

by >0
by > —b (12)
by < —2b1 + 3Ay

When only 6; = +7n/2 the region that satisfies the
criterion in the z direction is:

—2Az <az <Az



while for the direction y is:

as Z —2Ax
bs < Ay
b3 Z dfa3 - 2(Ay - dem)
Finally, when only §; = +7/2 the result in the z

direction is:
0<a; <3Az

and to the direction y the region is:

ap Z 0
by > —d;ay
b2 S —2di(l1 + 3Ay

6 Examples

Figure 7 shows a path where the improvement criterion
could be applied in both directions. The initial and
final configurations are the same used in fig. 3. As we
can see, this result exhibits a better performance.
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Figure 7: Improved path satisfying the criterion in
both z and y directions

Figure 8 exemplifies a situation where it is not possi-
ble attending the improvement criterion in both 2 and
y directions simultaneously. Thus, we show two paths
where the first one is improved in the z direction and
the second one, in the y direction.

7 Conclusions

The main contribution of this work is a point-to-point
path generator which obeys the non-holonomic con-
straints for a wheeled mobile robot with differential
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Figure 8: Improved paths satisfying the criterion in
the  and y directions, separately

drive. The paths are described by continuous poly-
nomials functions and not by a chaining of different
segments. They are easily calculated, allowing a new
path to be found at each sampling step. As there are
no phases in the path execution, a new path can be
easily adopted during the execution of a previous one.

The proposed method can be used to convert geo-
metric paths in feasible paths in such a way they can be
executed by non-holonomic robots. In environments
without or with sparse obstacles (as a robot soccer en-
vironment), the geometric planner can be suppressed
and the proposed method can be used as the unique
path planner, combined with local avoiding collision
techniques.

The adopted improvement criterion guarantees a
monotonic reduction of the distance from the current
robot position to the goal position, in the better sit-
uation. In the worst case the criterion guarantees the
improvement in one of the x or y directions.

Possible extensions of this work include velocity pro-
file generators for the point-to-point paths, compara-
tive tests with others adapters and defining some other
improvement criteria. Higher order polynomials can
also be used to guarantee multi-criteria improvement.
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